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© Logarithm exact sequence

@ Steinberg representations

© Some results from Colmez—Dospinescu—Niziol
. i —1

@ Computing Hy oo (HE , O)

© Computing invariant module

Goal of this talk:
HO(Ma, St1(Qp / Z,)") = HO(M, Hiyoue(HE, O7)).

We will focus on H'(I,,, H;roét(’}-t'gl, O**) for i = 1. The main reference
[1] contains results of greater generality.
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Recollection

o H’é‘l = IP"&_I \ Q, -rational hyperplanes for C the completion of @p.
Q g, = Gal(Qp),M, = g, X GLa(Zp)

© Fundamental exact sequence:
kk d kK n— ok
0 — Has(G1, AT") = = = Hio(Gn, AYY) 5 H;roet(Hc Lo
for (n, p) # (2,2)
kok d kk n— ok
0— Hclts(GlﬂA )L /2 — = Hclts(G27A2 ) _> ngoet(/HC 1’ o )ﬂn

for (n, p) = (2,2).
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Notation: the Tate twist

Qp(1) : the 1-th Tate twist of Q,. Topologically, this is Q,, but the action

of Gal(Q,/ Qp) factors through Gal(Q,(pp=)/Q,) = Z.
More explicitly, we have the cyclotomic character map

X 1 Gal(Qp/ Qp) — Gal(Qp(1p>)/ Qp) = Z;

by restriction, and the right hand side act on the vector space Q,. Thus,
we obtain a 1-dimensional representation of Gal(Q,/ Q) over Q,, which
we denote as the Tate twist Q,(1).

We can define Z,(1) using a short exact sequence

0 — Zp(1) = Qp(1) = pps — 0. (1)
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Logarithm exact sequence

Lemma (Logarithm exact sequence, [1] 4.2.1)

Let X be a rigid-analytic variety. There is an exact sequence of sheaves of
condensed abelian groups on the (pro-)étale site of X:

0—>/,Lpoo—>0**lo—g>0—>0 (2)

where [ipeo is the sheaf of p-th roots of unity.

We want to commpute H;roét(’;'-[’é_l, O**). The logarithm exact sequence

allows us to approach this via computing HX (”H’gl,upoo). The short

proét
exact sequence
0 — Zp(1) = Qp(1) — pp= — 0

further reduces our task to computing H2 (H’éﬁl,(@p(l)).

proét
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Steinberg representation |

For a profinite set S = lim S; and a ring A, let LC(S, A) be the locally
constant function on S with values in A. If there is a topology on A, then
we give LC(S,A) = lim LC(S;, A) the colimit topology.

Definition (Steinberg representation)
We define

LC(P"1(Qp), A)
A .
There is a continuous action of GL,(Q,) on St1(A).

Stl(A) =

Definitions and results for St, could be found in the main paper.
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Steinberg representation Il

Let St1(A)* denote the continuous A-module homomorphisms
Stl(A) — A.

For I,I' € P""(Q,), we view &; — 0y as an element of St1(A)*, where §
denotes the evaluation map on /.

Definition (St1(Q, / Z,)*)
We define the GL,(Q,)-module St,(Q, / Z,)* using the exact sequence

0 — St1(Zp)* — St1(Qp)* — St1(Q, / Zp)" — 0. (3)

Note that this definition is ad-hoc as Q, / Z, is not a ring.

7/ 22
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Steinberg representation |lI

For n > 2, the subset of St1(Q, / Z,)* fixed by GLn(Zp) C GL,(Q,) is a
free Zp-module of rank 1.

Taking the GL,(Z,)-fixed points, we obtain an injective boundary map
associated with the short exact sequence 3:

0 : HY(GLn(Zp), St1(Q, / Zp)*) — HY(GLa(Zp), St1(Zp)*).

Lemma ([1] 5.1.4)

Let 11 be the generator of HO(GL(Zp), St1(Q, / Zp)*). Then
(1) € HY(GLn(Zp),St1(Zp)*) is represented by the cocycle

g = 01 = Og()

for g € GL,(Zp).

.
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CDN: Etale cohomology |

Definition
We define

H. (X, Zp) = lim HL (X, Z /p" Z)

Hét(X, Qp) = Hét(X, Zp) Xz, Qp

Note that this is an ad-hoc definition souped up from the constant sheaf
Z /p"Z on X¢. We do have a constant sheaf Q, on Xyrogt, but

Heft(X7 Qp) - H;iroét(X> Qp)

is not always an isomorphism.
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CDN: Etale cohomology I

Consider the two short exact sequence

(7)Pn+1
0 — pipnis —> O* > 0" —>0
l lor |
0 * (_)p" *
Hpn @) @ 0

Taking limits along the vertical maps, we get another short exact
sequence, we get

0—Zp(1l) = lim OF = O* = 0. (4)

(=)

Definition (Kummer map x)
We define

K HOY(HET, 0%) — HY(HE Y, Z,(1))

be the connecting homomorphism.
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CDN: Etale cohomology I

Theorem (Colmez—Dospinescu—Niziol)

There is a Tg, X GL,(Qp)-equivariant isomorphism

o St(Zp)* — HE(HE L, Zy(1)).

This is given by
I’1((5/1 — (5/2) = H(/l/lg).
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CDN: Pro-étale cohomology |

For a rigid space X over C, by taking the inverse limit along xp map, the
short exact sequence on X4t of sheaves

0 = prpee — O™ 5.0 50

gives another short exact sequence
. log’
0— Qy(1) — lim 0™ =% 0 — 0.
—Xp

There is a boundary map

0: O[-1] — Qu(1).
We have a spectral sequence

Hélt(X7Qj(_j)) = H1+j (Xv O)

proét
where Q! denotes the sheaf of differential 1-forms. In our case X = ’H’gl,
the coherent sheaves of differential j-forms are acyclic, so we get

Hlos(X, 0) = Q1(X)(~1).
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CDN: Pro-étale cohomology I

Definition (exp map)
We define

exp : QO(X)( ) — H;roet( 7QP(1))

Theorem (Colmez—Dospinescu—Niziol)

There is a Tg, x GL,(Qp)-equivariant exact sequence of Q,-vector space

QCHE) oo,

0 — ker d proét

(HE™, Qp(1)) = Sta(Qp)"

This theorem exhibits the pro-étale cohomology of 7—[’(’:—1 as an extension
of a space of differential forms by the dual of a Steinberg representation.

Our goal is to compute Hproet(H’&_l, O**), so we need to compute

Havost(HE 1, 1<) in order to use the logarithm exact sequence.
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CDN: Pro-étale cohomology IlI

Corollary ([1] 5.2.5)

There is a g, X GL,(Qp)-equivariant exact sequence

Qo(%'é_l) exp' 1 il .
0= — 0 g~ Moros(Hc ™ pp) = St1(Qp / Zp)" — 0

We have a map of exact sequences

(H2, Zp(1)) — Sty(Zp)* —>0

|

1
0 H proét

QO anl ne .
0 i) —— L (HE, Qp(1)) —> Sta(Qp)* — O
Snake lemma finishes the proof. ]
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Calculation of ’H’{l I

We are ready to use the logarithm exact sequence and the previous
corollary to deduce our main theorem.

Theorem (5.3.1)

We have a short exact sequence
0 = St1(Qp / Zp)*(0) = Haoer(HE T, O0™) = QV(HEH)(=1) 0

where QU< denotes the sheaf of closed differential 1-forms on 7—['&_1.

Proof.
Let ' : Haou(HE, 0) = H2 s (HE ™, p1p) be the boundary map of
the logarithm exact sequence. From the long exact sequence associated to
the logarithm sequence on cohomology, there is a short exact sequence

0 — coker(8°) — H: (’H'é_l, O*) — ker(d') — 0.

proét
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Calculation of ’H’{l [

Note that since as p acts on O invertibly, the composition
O — ppe[1] = Zp(1)[2] is trivial, and we have a dashed lift

~
~
// la
~

£
Qp(V)[1] — ppe[1] —=Z,(1)[2]
Therefore, on cohomology level we have
proet(%n ! O) — Hproet(%z"_lv MP°°)7
which coincides with

exp : Q(HE)(0) = HOoey(HE™, 0) = Hhoar(HE, Qp(1)).

proét
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Calculation of HE L 1l

We now obtain a diagram of exact sequences

0—— QY HE ) (-1) — = Hloee(HE T, 0) 0
l g
Ql Hn 1 ex| n
0 l(<er§i )(_]‘) 2 proet(H 17MP°°) —>St2(QP/Z ) ( 1)
0

Snake lemma gives

ker(91) = Ql’C’(H'é_l)(—l), coker(d°) = St1(Q, / Zp)*(0).
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Invariant module |

Corollary (5.3.2)

The short exact sequence of pro-étale shaves on ’H’(’_-_l:

0—Zp(1l)— Ilim O™ =0 =0

—(=)xp

induces short exact sequence of M ,-modules for m > 0:

0 = Hioe(HE 1, Zp(1)) = Hiroee(HE, lim  O™) = HI ((HET, O™

roét
—(=)xp P

In other words, the boundary maps associated with the short exact
sequence are 0.

.
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Invariant module |1

We need to show that

Hioe(HE, lim  O™) = HI o (HET, 07)

proét —(=)xp
is a surjective map. First, note that the map factor as

(e lim o 0%) = lim HI G (HE ', O™) = Hip(HE T, 0
proet( C <—(—)><p ) <—(—)><p proet( C ) proet( C )

Also we note that the first map is surjective by the Milnor sequence.

Theorem 9 exhibits ng’oét(H'é_l,O**) as a p-divisible group, so the map

from the inverse limit to ';’r’oét(H'é_l, O™) is surjective. O

v
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Invariant module |1l

Corollary (5.3.3)

There is a canonical isomorphism

HO(Mn, St1(Qp / Zp)*) 2 HO(Mn, Horose(HEH, O*)).

Therefore, for n > 2, we identify HO(M,, HY . (HE T, 0™)) as a free

P
Z,-module of rank 1. For n =1, we have H°(M,, H

roer(1Z 1, 0")) = 0.

proét
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Fix points IV

Recall from Theorem 11, we have a short exact sequence

0 — St1(Qp / Zp)"(0) = Haoer(HT 1, 0™) = Q(HET)(-1) = 0

which M, acts on. The action of M, on St;(Q, /Zp) is through GL,(Zp).
First observe the base change

1,cl n—1 ey We) n—1
0L (HE)(-1) = O5(H) @, C(~1)
where 1, acts on C(—1), so we get
Ho(Tg,, QUI(HE)(-1) = QM) @ HO(Tg,. C(~1)) = 0.

The second isomorphism follows from Theorem 4.4.3 of [2]. Therefore, we
obtain the desired isomorphism from the short exact sequence in Theorem
11. O
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